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Abstract
In this letter, we discuss the Wheeler-DeWitt equation with an ordering parameter in the Friedmann-Robertson-Walker
universe. The solutions when the universe was very small and at the end of the expansion are obtained in terms of
Bessel and Heun functions, respectively. We also obtain a boundary condition which should be satisfied by the ordering
parameter, namely, 0 ≤ p ≤ 2. We investigate the minimum value of the scale factor with respect to the maximum value
of the probability density.
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1. Introduction
In order to formulate a quantum cosmology theory for
the evolution of the universe, DeWitt [1] and Wheeler [2]
proposed an equation inspired on the Hamilton-Jacobi ap-
proach to General Relativity [3]. In their formulation,
the wave function of the universe can be obtained and
as a consequence, it is possible, in principle, to discuss the
quantum properties of the spacetime following DeWitt and
Wheeler ideas.
This line of research, called quantum relativistic cos-
mology, has inspired a lot of investigations such as the
tunneling wave function of the universe [4], the interac-
tion with another universe and effects on the cosmic mi-
crowave background [5], as well as some aspects concerning
the consistence of the Wheeler-DeWitt equation in modi-
fied theories of gravity [6], among others.
In the middle 1980’s, Vilenkin [7] analyzed the prob-
lem of boundary conditions in quantum cosmology. In his
work, the Wheeler-DeWitt equation plays the role of the
Schro¨dinger equation for the wave function of the universe.
The evolution from a universe with “nothing” to a large
scale one was his great achievement. Based in this ap-
proach, He et al. [8] studied the dynamical interpretation
of the wave function of the universe by considering the
Wheeler-DeWitt equation with an ordering parameter in
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the Friedmann-Robertson-Walker universe with open ge-
ometry.
Recently, we found a class of solutions of the Wheeler-
DeWitt equation in a homogeneous and isotropic universe
for the spatially closed, flat, and open geometries of the
Friedmann-Robertson-Walker universe filled with differ-
ent forms of energy, namely, matter, radiation, and vac-
uum [9]. Soon after, we have generalized our analysis and
then studied the dynamical interpretation of the Wheeler-
DeWitt equation by taking into account all different kinds
of energy [10].
In this work we examine the Wheeler-DeWitt equation
with an ordering parameter in a universe filled with several
kinds of energy, namely, vacuum, matter, radiation, string
network, and quintessence. Furthermore, we do not fix a
geometry for the spacetime, that is, the universe can be
spatially closed, flat, or open.
This Letter is organized as follows. In Section 2 we
present the Wheeler-DeWitt equation with an ordering
parameter in the Friedmann-Robertson-Walker universe.
In Section 3 we discuss the asymptotic behaviors of the
wave function of the universe and obtain a boundary con-
dition which should be satisfied by the ordering parameter.
Finally, in Section 4 we close the paper with the final re-
marks.
2. Wheeler-DeWitt equation with ordering term
We want to discuss some features of the quantum rela-
tivistic cosmology. In order to do this, let us establish the
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Wheeler-DeWitt equation in the minisuperspace approxi-
mation as follows.
The classical evolution of the universe at different stages,
valid for all forms of energy, can be obtained from the
following Hamiltonian [9]
H(Pa, a) =
3pic2
4G
a3
(
4G2P 2a
9pi2c4a4
+
kc2
a2
− 8piG
3c2
ρ
)
, (1)
where Pa is the canonically conjugate momentum, k =
−1, 0,+1 is the curvature parameter, and ρ is the energy
density. The scale factor, a, is such that 0 ≤ a <∞.
Now, in order to write down the most general form of the
Wheeler-DeWitt equation, we need to do the quantization
of the momentum, as follows
P 2a → −
h¯2
ap
∂
∂a
(
ap
∂
∂a
)
, (2)
and then to impose the constraint HΨ(a) = 0, where Ψ(a)
is the wave function of the universe which depends only
on the scale factor. The parameter p represents the uncer-
tainty in the ordering of the operator factors a and ∂/∂a
[7].
Thus, the Wheeler-DeWitt equation with an ordering
parameter, which corresponds to the term with the order-
ing factor p, in the Friedmann-Robertson-Walker universe,
can be written as[
d2
da2
+
p
a
d
da
− 9pi
2c4a2
4h¯2G2
(
kc2 − 8piGa
2
3c2
ρ
)]
Ψ = 0. (3)
The total energy density ρ can be written as the sum of all
kinds of energy, namely, vacuum, matter, radiation, string
network and quintessence. It is given by
ρ =
∑
ω
ρω = ρv + ρm + ρr + ρs + ρq. (4)
The energy density of the vacuum, ρv, is expressed in terms
of the cosmological constant as
ρv =
Λc4
8piG
. (5)
For the other kinds of energy, the energy density ρω is
given by
ρω =
Aω
a3(ω+1)
, (6)
where the energy density parameter Aω is summarized in
Table 1.
In what follows, we will obtain the class of solutions of
the Wheeler-DeWitt equation given by Eq. (3).
3. Class of solutions
In order to solve the Wheeler-DeWitt equation with an
ordering parameter, let us substitute Eqs. (5) and (6) into
Table 1: The energy density parameter Aω = ρω0a
3(ω+1)
0 related to
the state parameter ω. Here ρω0 stands for the value of ρω at present
time, as well as a0 does for a.
Nature of energy ω Aω
matter 0 Am = ρm0a
3
0
radiation 13 Ar = ρr0a
4
0
string network − 13 As = ρs0a20
quintessence − 23 Aq = ρq0a0
Eq. (3) and assume that the wave function can be written
as Ψ(a) = a−p/2y(a). Thus, we obtain
−h¯2 d
2y(a)
da2
+ Veff (a, p)y(a) = 0, (7)
where Veff (a, p) is the effective potential given by
Veff (a, p) =
9pi2c6k
4G2
a2 − 6pi
3c2
G
(
Ar +Ama
+Asa
2 +Aqa
3 +
Λc4
8piG
a4
)
+
(p2 − 2p)h¯2
4
1
a2
. (8)
At this point we can compare this effective potential
with the one that we obtained in Ref. [10]. In fact, the
unique difference is the last term proportional to 1/a2,
which depends on the ordering parameter p. This means
that the term with the ordering parameter will contribute
significantly only in the case when the scale factor goes to
zero, that is, in the beginning of the universe.
For the simple minisuperspace model, Hawking et al.
[11] proposed that the differential operator in the Wheeler-
DeWitt equation should be the Laplace operator and hence
p = 1. On the other hand, He et al. [8] analyzed the dy-
namical interpretation of the wave function of the universe
and obtained two boundary conditions which determine
the value of the ordering parameter as being p = −2.
Thus, we will discuss the effective potential of the
Wheeler-DeWitt equation for these two values of the or-
dering parameter and compare with the case when p = 0
(or p = 2), in which case we recover the results known in
the literature. The behaviors of Veff (a, p) with p = −2, 1
are shown in Figures 1-4 and 5-8, for positive and negative
values of the cosmological constant, respectively.
In Figure 1 we see that the effective potential for a pos-
itive value of the cosmological constant is finite near the
origin only in the case when p = 0 (or p = 2), while the
cases when p = −2 and p = 1 provides asymptotic values
for Veff (a, p). The same can be concluded from Figure 5,
with a negative value of the cosmological constant. There-
fore, it seems that some boundary condition may exist for
p = 0 and p = 2. Both figures show us that there is
a strong condition between Veff (a, p) and the values of
the ordering parameter, quantitatively and qualitatively
as well.
2
Figure 1: The effective potential Veff (a, p) for Λ > 0. We focus on
the p = −2, 1 cases and compare with the case where p = 0.
Figure 2: The effective potential Veff (a, p) for Λ > 0. We focus on
the k = −1 case and compare with each kind of energy density ω.
From Figures 2-4 we conclude that the behavior of the
effective potential for a positive value of the cosmological
constant near the origin and at the end of the expansion
is dominated by the energy density due to the radiation
and vacuum, respectively. The same occurs in Figures 6-8,
for a negative value of the cosmological constant. There-
fore, we see that these two forms of energy density will
play a very important role on the wave function of the
universe. It is worth calling attention to the fact that the
behavior of the effective potential shown in Figures 2-4,
for positive values of the cosmological constant, as well as
for its negative values, as shown in Figures 6-8, are only
slightly influenced by the geometry of the spatial section
and strongly influenced by the ordering parameter.
Thus, from Figures 1-8, we can conclude that the term
which involves the ordering parameter p will contribute in
Figure 3: The effective potential Veff (a, p) for Λ > 0. We focus on
the k = 0 case and compare with each kind of energy density ω.
Figure 4: The effective potential Veff (a, p) for Λ > 0. We focus on
the k = +1 case and compare with each kind of energy density ω.
a significant way, only at the early stages of the universe,
in other words when a→ 0.
Now, let us solve Eq. (7) in a general way, in a sense
that the solution will be valid for all forms of energy
density. In order to do this, we can write the Wheeler-
DeWitt equation with an arbitrary ordering parameter in
the Friedmann-Robertson-Walker universe as
d2y(a)
da2
+
(
B0 +B1a+B2a
2 +B3a
3
+B4a
4 +
B5
a2
)
y(a) = 0, (9)
where the coefficients B0, B1, B2, B3, B4, and B5 are
given by
B0 =
6pi3c2
h¯2G
Ar, (10)
3
Figure 5: The effective potential Veff (a, p) for Λ = −|Λ|. We focus
on the p = −2, 1 cases and compare with the case where p = 0.
Figure 6: The effective potential Veff (a, p) for Λ = −|Λ|. We focus
on the k = −1 case and compare with each kind of energy density ω.
B1 =
6pi3c2
h¯2G
Am, (11)
B2 =
6pi3c2
h¯2G
As − 9pi
2c6
4h¯2G2
k, (12)
B3 =
6pi3c2
h¯2G
Aq, (13)
B4 =
6pi3c6
8pih¯2G2
Λ, (14)
B5 =
(2p− p2)
4
. (15)
No general solution in terms of standard functions is
known for this equation over the entire range 0 ≤ a <∞.
However, we may obtain solutions near a = 0 and for
a→∞, as follows.
Figure 7: The effective potential Veff (a, p) for Λ = −|Λ|. We focus
on the k = 0 case and compare with each kind of energy density ω.
Figure 8: The effective potential Veff (a, p) for Λ = −|Λ|. We focus
on the k = +1 case and compare with each kind of energy density ω.
3.1. Case 1: scale factor very small (a→ 0)
By expanding all terms in Eq. (9) we have for small
a, which means when the universe was very small, the
following equation
d2y(a)
da2
+
(
B0 +
B5
a2
)
y(a) = 0. (16)
Therefore, we can write the analytical solutions of Eq. (16)
in terms of the Bessel functions as
y(a) = a
1
2 [C1 i Jν(
√
B0a) + C2 Nν(
√
B0a)], (17)
where Jν and Nν are the Bessel functions of the first and
second (Neumann functions) kind, respectively, with C1
and C2 being constants to be determined. The parameter
ν is defined by
ν =
√
1− 4B5
2
=
p− 1
2
. (18)
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Taking into account the series expansion of the Bessel
functions, for small x, given by [12]
Jν(x) ∼ 1
ν!
(
x
2
)ν
+ . . . , (19)
Nν(x) ∼ − (ν − 1)!
pi
(
x
2
)−ν
+ . . . , (20)
we obtain that when a→ 0 the solution given by Eq. (17)
can be written as
Ψ(a) ∼ C1 i 1
ν!
(√
B0
2
)ν
a
p
2
−C2 (ν − 1)!
pi
(√
B0
2
)−ν
a
2−p
2 . (21)
From this solution we can conclude that the wave func-
tion approaches a constant when a → 0, for 0 ≤ p ≤ 2.
In this case C1 and C2 can assume any value without vi-
olating what Ψ(a) means. In the case p ≤ −1 or p ≥ 3,
Ψ(a) will be divergent, but in order to avoid this behav-
ior, which is incompatible with the meaning of the wave
function, we must impose C1 = 0 or C2 = 0, respectively,
and hence we have that Ψ(a→ 0) ∼ 0.
Therefore, from a dynamical interpretation of the wave
function of the universe, we have obtained a boundary
condition for the ordering parameter, namely, 0 ≤ p ≤ 2.
Note that when a → 0, for p = 0 and p = 2, we have to
determine the constants C1 and C2, respectively, so that
the solution satisfies a boundary condition, as for example,
the wave function Ψ(a) should be normalized to unity for
any a (very small). Finally, for p = 1, we have that Ψ(a→
0) ∼ 0, and hence it is not necessary to fix any constant.
It is worth calling attention to the fact that this asymp-
totic solution is valid for any value of the curvature param-
eter (k = −1, 0,+1), which means that does not depend on
the geometry of the spatial sector. It depends on the en-
ergy density of the radiation (coefficient B0), which is the
predominant form of energy at early stages of the universe.
From this point of view, we are extending the solution ob-
tained by He et al. [8], which is valid only for the case of
the flat universe k = 0.
We can also obtain a relationship between the quantity
associated to the radiation energy density of the universe
in a specific instant, B0, and a postulated initial value for
the scale factor, a0, by considering the maximum probabil-
ity density at such a value, calculated from ∂a|Ψ(a)|2 = 0
[13]. Taking into account Eq. (17), the value of a0 arises
thus from the leading terms of the derivative expansion,
a0 ≈ pi
−2/ν
√
B0
{
2ν+2 cos(piν)Γ(ν + 1)2
C2[Γ(ν) + 4Γ(ν + 1)]
}1/ν
×[2Γ(−ν)Γ(ν + 1) + Γ(−ν)Γ(ν)
−Γ(1− ν)Γ(ν)]1/ν , (22)
in the limit for which a ≪ 1, where we have chosen
C1 = C2 = C
√
pi/2. In Figure (9) we depict the minimum
0a
Ν
-0.42 -0.40 -0.38 -0.36 -0.34
1.´ 10-8
2.´ 10-8
3.´ 10-8
4.´ 10-8
5.´ 10-8
Figure 9: Minimum scale factor as a function of ν, for B0 = 1 and
C = 0.008.
scale factor, which corresponds to the maximum probabil-
ity density near the origin, as a function of the parameter
ν. Notice the local minimum around ν ≈ −0.36.
3.2. Case 2: large scale factor (a→∞)
We now expand all terms in Eq. (9) for large a, which
means the scale factor at the end of the expansion, and
write the equation in the form
d2y(a)
da2
+
(
B0 +B1a+B2a
2 +B3a
3
+B4a
4
)
y(a) = 0. (23)
Therefore, we can write the analytical solution of Eq. (23)
in terms of the Triconfluent Heun function. It is given by
y(x) = e−
1
2
(x3+γx)
×{C1 HeunT(α, β, γ;x)
+C2 e
x3+γx HeunT
(
λ2α,−β,−λγ; x
λ
)
,
(24)
where λ3 = −1. The new variable x is defined by
x = τ(a + ξ), (25)
where the parameters τ and ξ are expressed as
τ =
(
−4B4
9
)1/6
, (26)
ξ =
B3
4B4
. (27)
The parameters α, β, and γ are defined by
α = b0 +
1
9
b22, (28)
β = b1, (29)
γ = −2
3
b2, (30)
5
where the coefficients b0, b1, and b2 are identified by
b0 =
B0 −B1ξ +B2ξ2 −B3ξ3 +B4ξ4
τ2
, (31)
b1 =
B1 − 2B2ξ + 3B3ξ2 − 4B4ξ3
τ3
, (32)
b2 =
B2 − 3B3ξ + 6B4ξ2
τ4
. (33)
On the other hand, the series expansion of the tricon-
fluent Heun functions, for large x, are given by [14]
HeunT(α, β, γ;x) ∼ C1 x
β
3
−1
×
∑
n≥0
an(α, β, γ)x
−n
+C2 x
−
β
3
−1 ex
3+γx
×
∑
n≥0
(−1)nan(α,−β, γ)x−n,
(34)
where | argx| ≤ pi/2, and a0(α,±β, γ) = 1. Thus, when
a→∞ implies that x→∞, we have the following asymp-
totic solution
Ψ(x) ∼ C
(
x
τ
−ξ
)− p
2 1
x
cosh
[
β
3
lnx−1
2
(x3+γx)
]
.(35)
Here, for simplicity and convenience, we have chosen the
free parameters C1 and C2 equal to C/2, where C is a
constant to be determined using the condition that Ψ(x),
given by Eq. (35), should be appropriately normalized. As
it should be expected, the values of C1 and C2 in this
regime, namely, a → ∞, should be different from that
which occur for a→ 0.
It is worth mention that in this case, the wave function
of the universe goes to zero when a → ∞, independently
of the value of the ordering parameter. Therefore, as ex-
pected from a dynamical point of view, the ordering term
does not play a role in the behavior of the universe at the
end of the expansion.
4. Summary
This work has illustrated the difficulty of solving the
Wheeler-DeWitt equation with an ordering parameter in
the Friedmann-Robertson-Walker universe when it is taken
into account several kinds of energy and considering any
value of curvature. In the absence of analytical solutions,
we examined the solutions only for very small (a→ 0) and
very large values of the scale factor (a→∞).
We have found the asymptotic behavior of the wave
function of the universe in a quantum cosmological sce-
nario. In the Cases 1 and 2 therefore, the asymptotic
solutions of Eq. (9) near the origin and at infinity are ex-
pressed in terms of Bessel and triconfluent Heun functions,
respectively. From these results, we obtained a boundary
condition for the ordering parameter, namely, 0 ≤ p ≤ 2,
which implies −0.5 ≤ ν ≤ 0.5.
Supposing that the universe has started its existence
with a minimum size, we have obtained the corresponding
minimum scale factor, a0, which is related to the max-
imum probability density near the origin, a = 0, which
is expressed as a function of the radiation density energy
and of the parameter ν = (p − 1)/2 ≤ 0. Though the
probabilistic interpretation of the universe wave function
is still controversial, it is admitted by some authors [8].
Furthermore, we have shown that the ordering term does
not contribute in an significant way at the end of the ex-
pansion of the universe. Therefore, the ordering parameter
has only a quantum dynamical interpretation at the early
stages of the universe.
Finally, the approach developed here leads to a full rep-
resentation of the solutions at the asymptotic regimes in
terms of standard functions in the most general case. It is
worth calling attention to the fact that for many quantum
calculations such solutions are all that should be required.
Acknowledgement
H.S.V. is funded by the Coordenac¸a˜o de Aperfeic¸oa-
mento de Pessoal de Nı´vel Superior - Brasil (CAPES) -
Finance Code 001. V.B.B. is partially supported from
CNPq Project No. 305835/2016-5. M.S.C. is partially sup-
ported from CNPq Project Numbers 433168/2016-1 and
314183/2018-3. The authors would like to thank FUNCAP
for partial financial support under the grant PRONEM
PNE-0112-00085.01.00/16. The authors also would like
to thank Professor Daniel Vanzella for the fruitful discus-
sions.
References
[1] B. S. DeWitt, Phys. Rev. 160, 1113 (1967).
[2] J. A. Wheeler, Batelle Rencontres, edited by B. S. DeWitt et
al. (Benjamin, New York, 1968), pp. 242–307.
[3] A. Peres, Nuovo Cimento 26, 53 (1962).
[4] A. Vilenkin and M. Yamada, Phys. Rev. D 99, 066010 (2019).
[5] M. Bouhmadi-Lope´z, M. Kraemer, J. Moraes and S. Rebles-
Pe´rez, JCAP 1902, 057 (2019).
[6] M. Bouhmadi-Lope´z, C. Y. Chen and P. Chen, JCAP 1812,
032 (2018).
[7] A. Vilenkin, Phys. Rev. D 33, 3560 (1986).
[8] D. He, D. Gao and Q. Y. Cai, Phys. Lett. B 748, 361 (2015).
[9] H. S. Vieira and V. B. Bezerra, Phys. Rev. D 94, 023511 (2016).
[10] H. S. Vieira, V. B. Bezerra, C. R. Muniz and M. S. Cunha,
arXiv:1904.10864 [gr-qc] (2019).
[11] S. W. Hawking and D. N. Page, Nucl. Phys. B 264, 185 (1986).
[12] G. B. Arfken and H. J. Weber, Mathematical methods for physi-
cists, (Elsevier Academic Press, San Diego, 2005).
[13] C. R. Muniz, H. R. Christiansen, M. S. Cunha and H. S. Vieira,
Phys. Dark Univ. 28, 100547 (2020).
[14] A. Ronveaux, Heun’s Differential Equations, (Oxford Univer-
sity Press, New York, 1995).
6
